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A matrix of fundamental solutions is constructed for the operator governing the high-
frequency oscillations of a plate with transverse shear deformation. Important properties
of the correspondingwave functions and layer potentials are discussed, as an essential step
in the development of numerical boundary element methods.
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1. Introduction
The boundary integral equationmethod iswidely used to solve elliptic systemsof partial differential equations. Generally,
the solution is represented in the form of layer potentials whose kernels are expressed in terms of a matrix of fundamental
solutions for the partial differential operator. The aim of this work is to construct such a matrix for the operator arising in
the theory of high-frequency stationary oscillations of plates with transverse shear deformation. In particular, we aim to
obtain the matrix in a form that expands readily in an infinite series of regular and radiating wave functions—an essential
requirement in the study of certain modified versions of the classical boundary integral equation theory. Some useful
orthogonality properties of the wave functions will also be given. In addition, we define the corresponding elastic single-
layer and double-layer potentials in terms of the matrix of fundamental solutions and, by considering the singularities
involved, deduce their limiting behavior.
In what follows, Greek and Latin subscripts take the values 1, 2 and 1, 2, 3, respectively, (. . .) ,α = ∂(. . .)/∂xα , a
superscript T denotes matrix transposition, and summation over repeated indices is understood.
Consider a homogeneous and isotropic elastic plate of constant thickness h0, density ρ, and Lamé constants λ andµ. The
stationary oscillations of frequency ω of the plate in the transverse shear deformation model discussed in [1] are governed
by the system
Aω(∂/∂x1, ∂/∂x2)u(x) = H(x),
where the (3 × 1)-vector H(x) is related to the averaged body forces and moments, x = (x1, x2)T, u = (u1, u2, u3)T
characterizes the displacement field, and
Aω(ξ1, ξ2) =
h2µ(∆+ k23)+ h2(λ+ µ)ξ 21 h2(λ+ µ)ξ1ξ2 −µξ1h2(λ+ µ)ξ1ξ2 h2µ(∆+ k23)+ h2(λ+ µ)ξ 22 −µξ2
µξ1 µξ2 µ(∆+ k2)
 .
∗ Corresponding author.
E-mail addresses: consta@utulsa.edu, christian-constanda@utulsa.edu (C. Constanda).
0893-9659/$ – see front matter© 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2008.04.016
708 G.R. Thomson, C. Constanda / Applied Mathematics Letters 22 (2009) 707–711
Here, h2 = h20/12,∆ = ξ 21 + ξ 22 , k2 = ρω2/µ, and k23 = k2 − 1/h2.We also consider the boundary moment–force operator
T (∂/∂x1, ∂/∂x2) defined by [1]
T (ξ1, ξ2) =
h2((λ+ 2µ)ν1ξ1 + µν2ξ2) h2(µν2ξ1 + λν1ξ2) 0h2(λν2ξ1 + µν1ξ2) h2(µν1ξ1 + (λ+ 2µ)ν2ξ2) 0
µν1 µν2 µναξα
 ,
where ν = (ν1, ν2)T is the unit outward normal to the boundary of the middle plane of the plate.
In what follows, we assume that λ+ µ > 0, µ > 0, and ρω2h2 > µ.
2. Construction of a matrix of fundamental solutions
We employ the method described in [2]. If Aω∗ is the adjoint of the matrix Aω , then
u(x) = Aω∗(∂x)B(x), (1)
where B satisfies (det Aω) (∂x)B(x) = H(x). Direct calculation leads to
det Aω(ξ) = [h4µ2(λ+ 2µ)∆∆+ h4µ2(λ+ 3µ)∆+ h4µ3k2k23] (∆+ k23)
= h4µ2(λ+ 2µ)(∆+ k21)(∆+ k22)(∆+ k23), (2)
where k21 + k22 = (λ + 3µ)k2/(λ + 2µ) and k21k22 = µk2k23/(λ + 2µ). These constants are connected by the equality
h2(k21 − k23)(k22 − k23) = −k23. It is easy to verify that k2i , i = 1, 2, 3, are real, strictly positive, and distinct.
Replacing each component of H in turn by−δ(|x− y|), where δ is the Dirac delta distribution, and setting the other two
equal to zero, from (1) we obtain the matrix of fundamental solutions
Dω(x, y) = Aω∗(∂x) [t(x, y)E3] , (3)
where E3 is the identity (3× 3)-matrix and, by (2), t(x, y) is a solution of
det Aω(x)t(x, y) = h4µ2(λ+ 2µ)(∆+ k21)(∆+ k22)(∆+ k23)t(x, y) = −δ(|x− y|). (4)
Seeking t(x, y) in the form
t(x, y) =
3∑
j=1
bjH
(1)
0 (kj|x− y|), bj = const, (5)
where H(1)0 is the Hankel function of the first kind of order zero, from (4) we find [3] that
bα = i
[
4h4µ2(λ+ 2µ)(k2α − αβk2β)(k2α − k23)
]−1
,
b3 = i
[
4h4µ2(λ+ 2µ)(k23 − k21)(k23 − k22)
]−1 = −i [4h2µ2(λ+ 2µ)k23]−1 , (6)
where ij is Ricci’s alternating tensor.
To obtain Dω(x, y) explicitly from (3), we first compute Aω∗(∂x). A long but straightforward calculation yields
Aω∗αβ(ξ) = δαβh2µ(λ+ 2µ)(∆+ k21)(∆+ k22)− h2µ(λ+ µ)(∆+ k23)ξαξβ − µ(λ+ 2µ)ξαξβ ,
Aω∗α3(ξ) = −Aω∗3α (ξ) = h2µ2(∆+ k23)ξα,
Aω∗33 (ξ) = h4µ(λ+ 2µ)(∆+ µ′k23)(∆+ k23),
(7)
where µ′ = µ/(λ+ 2µ) and δij is Kronecker’s symbol. Writing r = |x− y|, from (3) and (5)–(7) we obtain
Dωαβ(x, y) =
i
4h2µk23
[
−α21
(
H(1)0 (k1r)
)
,αβ −α22
(
H(1)0 (k2r)
)
,αβ +
(
H(1)0 (k3r)
)
,αβ +δαβk23H(1)0 (k3r)
]
,
Dωα3(x, y) = −Dω3α(x, y) =
i
4h2µk23
[
−γ
(
H(1)0 (k1r)
)
,α +γ
(
H(1)0 (k2r)
)
,α
]
,
Dω33(x, y) =
i
4h2µk23
[
β21H
(1)
0 (k1r)+ β22H(1)0 (k2r)
]
,
(8)
where
α21 =
k22 − µ′k23
k22 − k21
, α22 =
k21 − µ′k23
k21 − k22
, γ = µ
′k23
k21 − k22
, β21 =
h2k23(k
2
1 − µ′k23)
k21 − k22
, β22 =
h2k23(k
2
2 − µ′k23)
k22 − k21
.
(9)
From (8) it is easily seen that Dω(x, y) = [Dω(y, x)]T.
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3. The matrix of fundamental solutions in terms of wave functions
In later work, we will study the use of modified fundamental solutions in connection with the boundary value problems
of stationary oscillations in thin elastic plates. For this approach, wemust first write our unmodifiedmatrixDω(x, y) in terms
of certain wave functions in a form similar to that derived in [4] for the two-dimensional elastodynamic case. Owing to the
complicated nature of Dω(x, y), this is not a routine conversion.
We note that the constants arising in the matrix of fundamental solutions are connected by the equalities β21 = h2k23α22 ,
β22 = h2k23α21 , and h2k23α21α22 = γ 2, which indicate that α21 and α22 are of the same sign. We also deduce that k21 > k23 and
k23 > µ
′k23. Consequently, k
2
1 − µ′k23 > 0 and k21 − k22 > 0; so, α22 > 0, which, in turn, implies that α21 > 0.
For a nonnegative integerm, we define
m =
{
1, m = 0,
2, m ≥ 1, E
(σ )
m (θ) =
{
cosmθ, σ = 1,
sinmθ, σ = 2.
Let (Rx, θx) and (Ry, θy) be the polar coordinates of x and y, respectively. As shown in [5, p. 827], for Rx < Ry, the Hankel
function of the first kind of order zero can be written in the form
H(1)0 (kjr) =
∞∑
m=0
2∑
σ=1
mJm(kjRx)E(σ )m (θx)H
(1)
m (kjRy)E
(σ )
m (θy), (10)
where Jm are the standard Bessel functions. Let
φ(σ )m (x) =
√
mH(1)m (k1Rx)E
(σ )
m (θx), φˆ
(σ )
m (x) =
√
mJm(k1Rx)E(σ )m (θx),
υ(σ )m (x) =
√
mH(1)m (k2Rx)E
(σ )
m (θx), υˆ
(σ )
m (x) =
√
mJm(k2Rx)E(σ )m (θx),
ψ (σ )m (x) =
√
mH(1)m (k3Rx)E
(σ )
m (θx), ψˆ
(σ )
m (x) =
√
mJm(k3Rx)E(σ )m (θx).
Then, by (10), for Rx < Ry,
H(1)0 (k1r) =
∞∑
m=0
2∑
σ=1
φˆ(σ )m (x)φ
(σ )
m (y),
H(1)0 (k2r) =
∞∑
m=0
2∑
σ=1
υˆ(σ )m (x)υ
(σ )
m (y),
H(1)0 (k3r) =
∞∑
m=0
2∑
σ=1
ψˆ (σ )m (x)ψ
(σ )
m (y).
We use these expansions and the fact that ∂H(1)0 (kjr)/∂xα = −∂H(1)0 (kjr)/∂yα to write Dω(x, y) in a more convenient form.
From (8), taking into account that the Hankel function satisfies the Helmholtz equation, we obtain
Dωαβ(x, y) =
i
4h2µk23
∞∑
m=0
2∑
σ=1
[
α21 φˆ
(σ )
m,α(x)φ
(σ )
m,β(y)+ α22 υˆ(σ )m,α(x)υ(σ )m,β(y)+ αγ βδψˆ (σ )m,γ (x)ψ (σ )m,δ(y)
]
,
Dωα3(x, y) =
i
4h2µk23
∞∑
m=0
2∑
σ=1
[
−γ φˆ(σ )m,α(x)φ(σ )m (y)+ γ υˆ(σ )m,α(x)υ(σ )m (y)
]
,
Dω3α(x, y) =
i
4h2µk23
∞∑
m=0
2∑
σ=1
[
−γ φˆ(σ )m (x)φ(σ )m,α(y)+ γ υˆ(σ )m (x)υ(σ )m,α(y)
]
,
Dω33(x, y) =
i
4h2µk23
∞∑
m=0
2∑
σ=1
[
h2k23α
2
2 φˆ
(σ )
m (x)φ
(σ )
m (y)+ h2k23α21 υˆ(σ )m (x)υ(σ )m (y)
]
.
We introduce the radiating wave functions (see [4,6])
Φ(σ )m (x) =
(
α1
∂
∂x1
φ(σ )m (x), α1
∂
∂x2
φ(σ )m (x),−hk3α2φ(σ )m (x)
)T
,
Υ (σ )m (x) =
(
α2
∂
∂x1
υ(σ )m (x), α2
∂
∂x2
υ(σ )m (x), hk3α1υ
(σ )
m (x)
)T
,
Ψ (σ )m (x) =
(
∂
∂x2
ψ (σ )m (x),−
∂
∂x1
ψ (σ )m (x), 0
)T
.
(11)
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The corresponding regularwave functions Φˆ(σ )m , Υˆ
(σ )
m , and Ψˆ
(σ )
m are defined in the sameway,withφ
(σ )
m ,υ
(σ )
m , andψ
(σ )
m replaced
by φˆ(σ )m , υˆ
(σ )
m , and ψˆ
(σ )
m , respectively.
By (11), for Rx > Ry we can write Dω(x, y) in the form
Dω(x, y) = i
4h2µk23
∞∑
m=0
2∑
σ=1
{
Φˆ(σ )m (x)
[
Φ(σ )m (y)
]T + Υˆ (σ )m (x) [Υ (σ )m (y)]T + Ψˆ (σ )m (x) [Ψ (σ )m (y)]T} . (12)
It is not difficult to show that the expression for Rx > Ry is
Dω(x, y) = i
4h2µk23
∞∑
m=0
2∑
σ=1
{
Φ(σ )m (x)
[
Φˆ(σ )m (y)
]T + Υ (σ )m (x) [Υˆ (σ )m (y)]T + Ψ (σ )m (x) [Ψˆ (σ )m (y)]T} . (13)
The wave functions (11) are called radiating because they satisfy the radiation conditions formulated in [7], whereas those
occurring in (12) and (13) are called regular because they are ‘‘well behaved’’ at the origin.
4. Orthogonality properties of the wave functions
We establish some useful orthogonality properties of the wave functions introduced in the previous section. For
simplicity, we omit the superscript (1) from the Hankel functions of the first kind and write (R, θ) = (Rx, θx).
It is known [8] that, as R→∞,
Hm(kjR) =
(
2/(pikjR)
)1/2 ei(kjR−pim) + O(R−3/2),
where pim = pi(2m+ 1)/4.
We consider for the moment the casem ≥ 1, which means that m = 2. Let
eR = (cos θ, sin θ, 0)T, eθ = (− sin θ, cos θ, 0)T, e3 = (0, 0, 1)T.
We note that
eTReθ = eTRe3 = eTθe3 = 0, eTReR = eTθeθ = eT3e3 = 1.
After some calculation, from (11) and (13) we find that, as R→∞,
Φ(σ )m = 2α1ik1(pik1R)−1/2ei(k1R−pim)E(σ )m (θ)eR − 2hk3α2(pik1R)−1/2ei(k1R−pim)E(σ )m (θ)e3 + O(R−3/2),
Υ (σ )m = 2α2ik2(pik2R)−1/2ei(k2R−pim)E(σ )m (θ)eR + 2hk3α1(pik2R)−1/2ei(k2R−pim)E(σ )m (θ)e3 + O(R−3/2),
Ψ (σ )m = −2ik3(pik3R)−1/2ei(k3R−pim)eθ + O(R−3/2).
We also need to know the behavior of the boundary stress operator T applied to the wave functions on a circle centered
at the origin and of radius R, as R→∞. First, from (9) we find that
h2(λ+ 2µ)k2βαβ = h2µk23αβ + hµk3βγαγ . (14)
Using (14), we can now show that on the circle mentioned above, as R→∞,
TΦ(σ )m = −2(h2µk23α1 + hµk3α2)(pik1R)−1/2ei(k1R−pim)E(σ )m (θ)eR
+ 2(α1 − hk3α2)ik1µ(pik1R)−1/2ei(k1R−pim)E(σ )m (θ)e3 + O(R−3/2),
TΥ (σ )m = −2(h2µk23α2 − hµk3α1)(pik2R)−1/2ei(k2R−pim)E(σ )m (θ)eR
+ 2(α2 + hk3α1)ik2µ(pik2R)−1/2ei(k2R−pim)E(σ )m (θ)e3 + O(R−3/2),
TΨ (σ )m = 2h2µk23(pik3R)−1/2ei(k3R−pim)E(σ )m (θ)eθ + O(R−3/2).
We define
χ (σ1)m (x) = Φ(σ )m (x), χ (σ2)m (x) = Υ (σ )m (x), χ (σ3)m (x) = Ψ (σ )m (x).
The above properties enable us to prove the following assertion.
Theorem. (i) If ∂S is any simple closed curve that contains the origin in its interior, then, for m ≥ 1,∫
∂S
{[
χ¯ (σ j)m
]T
Tχ (νk)n −
[
χ (νk)n
]T
T χ¯ (σ j)m
}
ds = 8ih2µk23δmnδσνδjk.
This equality also holds for m = 0 and σ = 1.
(ii) Under the same assumption on ∂S, for m ≥ 1,∫
∂S
{[
χˆ (σ j)m
]T
T χˆ (νk)n −
[
χˆ (νk)n
]T
T χˆ (σ j)m
}
ds = 0, (15)∫
∂S
{[
χˆ (σ j)m
]T
Tχ (νk)n −
[
χ (νk)n
]T
T χˆ (σ j)m
}
ds = 4ih2µk23δmnδσνδjk. (16)
Equality (15) actually holds for all m, while (16) also holds for m = 0 and σ = 1.
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5. Singularities of the layer potentials
In order to determine the behavior of the generalized layer potentials defined in terms of the matrix of fundamental
solutions, it is necessary to investigate the singularities of their kernels as y→ x.
Using the asymptotic expansion of H(1)0 (ξ) as ξ → 0 [8], (5) and (6), we arrive at the expression
t(x, y) = −[128pih4µ2(λ+ 2µ)]−1r4 ln r + d+ O(r6 ln r), d = const. (17)
Let {Eij} be the standard ordered basis for the vector space of (3×3)-matrices. Using (3), (7) and (17), after some laborious
calculation we find that, as r → 0,
Dω(x, y) = (ln r)
(
d1Eγ γ − 12piµE33
)
+ d2(xα − yα)(xβ − yβ)r−2Eαβ + C + O(r ln r), (18)
where C is a constant (3× 3)-matrix, d1 = −(λ+ 3µ)[4pih2µ(λ+ 2µ)]−1, and d2 = (λ+ µ)[4pih2µ(λ+ 2µ)]−1.
We introduce the matrix of singular solutions
Pω(x, y) = [T (∂y)Dω(y, x)]T .
Its behavior as r → 0 can also be foundusing (17). If ∂s(y) and ∂ν(y) denote the tangential and normal derivatives, respectively,
then we can show that, as r → 0,
Pω(x, y) = − 1
2pi
{
µ′αβ∂s(y)(ln r)Eαβ + ∂ν(y)(ln r)E3 − (λ′ + µ′)αγ ∂s(y)[(xα − yα)(xβ − yβ)r−2]
}
Eγ β
− 1
2
∂ν(y)[(xα − yα) ln r]E3α + 12αβ∂s(y)[(xα − yα) ln r](λ
′E3β + h−2Eβ3)+ D+ O(r ln r), (19)
where D is a constant (3× 3)-matrix, λ′ = λ/(λ+ 2µ), and µ′ = µ/(λ+ 2µ).
Let ∂S be a simple, closed, C2-curve. Then the single-layer and double-layer potentials are defined by
(Vωϕ) (x) =
∫
∂S
Dω(x, y)ϕ(y)ds(y), (Wωϕ) (x) =
∫
∂S
Pω(x, y)ϕ(y)ds(y), (20)
where ϕ is an unknown density.
Expansions (18) and (19) for y close to x coincide with those of the corresponding matrices in the equilibrium bending
of plates [9]. For this reason, the boundary properties of the layer potentials defined by (20) are the same as the properties
of the potentials investigated in [9].
The solvability of certain boundary value problems associated with the stationary oscillations of thin elastic plates has
been discussed in [10].
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